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Parametric model: ✓ 7! ↵✓
<latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit>

Observations: �
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="> </latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="> </latexit>

Unsupervised learning
<latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit>

Comparing Distributions for Learning

�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>↵✓

<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

<latexit sha1_base64="vT0xGll5ZYO8gmdwavYy0Ckm65g="></latexit>
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✓

D(↵✓,�)
<latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit><latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit><latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit><latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit>

Density fitting:
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Single Cell Multi-omics

<latexit sha1_base64="JmboHyrN9W6kgItyZjvFMpB0lgs="></latexit>
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Understanding cell diversity: many types, many states for each type.
Applications: cancer mutations, dynamic of adaptation, development, …

Tissue Dissociation

isolation RNA Amplification Sequencing

…
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RNA: expression of the DNA.
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d ⇠ 105

ATAC: chromatine accessibility   

Methylation: presence of methyl groups

Proteome: presence of proteins
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Single Cell Multi-omics
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Understanding cell diversity: many types, many states for each type.
Applications: cancer mutations, dynamic of adaptation, development, …

Tissue Dissociation
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…

10X Multiome (RNA + ATAC)
CITE-seq (RNA + proteines)Paired multi-omics:

Un-paired multi-omics: next frontier … 
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Comparing Distributions for Single Cells

Context and aims OT cell-cell similarity Wasserstein Singular Vectors Paired multiomics integration Thesis overview

Single-cell profiling uncovers cellular heterogeneity

• Until recently, samples contained many cells (bulk omics)
• Today, we can measure omics at the single cell level1.

21Mincarelli et al. 2018 2Lähnemann et al. 2020
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<latexit sha1_base64="8h9qfn6MXuBvKOcg4p0NkYUZouc="></latexit>
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<latexit sha1_base64="xfWO8cpwoNz5R1B8gV9utdLBqVI="></latexit>

Single cell
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?
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Bulk
<latexit sha1_base64="xfWO8cpwoNz5R1B8gV9utdLBqVI="></latexit>

Single cell
<latexit sha1_base64="pydPpuNuJAJzk3J9ohxA5exGGlo="></latexit>

?
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Cluster cells from a single biopsy.
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“Distance” between cells?
<latexit sha1_base64="yFN6xhMLWSFTo6y4Ic3WSee5g64="></latexit>

OT on genes’ space.

<latexit sha1_base64="c8Nzu7i/2HdZbRFNoq24LWiMXCg="></latexit>

Match cells between two biopsies.
<latexit sha1_base64="smAhPpTgHUrzBKRMXffs73pgv0w="></latexit>

OT on cells’ space.

<latexit sha1_base64="pydPpuNuJAJzk3J9ohxA5exGGlo="></latexit>
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Monge optimal matching:
<latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU="></latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU="></latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU="></latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU="></latexit>

[Monge 1784]
<latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit>

Monge’s Problem

Points (xi)i, (yj)j

Permutation:
<latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit>

� : {1, . . . , n} ! {1, . . . , n}
<latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit>

�
<latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

d(xi, yj)
<latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit>

<latexit sha1_base64="htpgxAyMB7fa8Ak1IhsYtBIZXuE="></latexit>

D(X,Y ) = min
�

nX

i=1

d(xi, y�(i))
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xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

d(xi, yj)
<latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit>

<latexit sha1_base64="htpgxAyMB7fa8Ak1IhsYtBIZXuE="></latexit>

D(X,Y ) = min
�

nX

i=1

d(xi, y�(i))

! Seems intractable: n! possibilities.
<latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit>

<latexit sha1_base64="xAfoQVY7WeuWfvbTW5Z5P5YLXic="></latexit>

! Di↵erent number of points?



Kantorovitch’s Formulation
↵ =

Pn
i=1 ai�xi

� =
Pm

j=1 bj�yj

Points (xi)i, (yj)j

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

Discrete distributions:
<latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit>



Kantorovitch’s Formulation
↵ =

Pn
i=1 ai�xi
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Pm

j=1 bj�yj

Points (xi)i, (yj)j

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1 b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

Couplings:
<latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit>

P
j Pi,j = ai

<latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit>

P
i Pi,j = bj

<latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit>

P > 0, P1m = a,P>1n = b
<latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

Discrete distributions:
<latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit>



Kantorovitch’s Formulation
↵ =

Pn
i=1 ai�xi

� =
Pm

j=1 bj�yj

Points (xi)i, (yj)j

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1 b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

Couplings:
<latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit>

P
j Pi,j = ai

<latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit>

P
i Pi,j = bj

<latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit>

P > 0, P1m = a,P>1n = b
<latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

d(xi, yj)
<latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit>

Discrete distributions:
<latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit>

[Kantorovich 1942]

min
P

nP
i,j d(xi, yj)pPi,j ;

o

<latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit><latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit><latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit><latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit>
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Dantzig

Leonid 
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Optimal Transport Distances

Wp(↵,�)
def.
=

<latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>



Optimal Transport Distances

Wp(↵,�)
def.
=

<latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

Theorem:
<latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit><latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit><latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit><latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit>

Wp is a distance and
<latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit><latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit><latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit><latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit>

↵n * � , Wp(↵n,�) ! 0
<latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit><latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit><latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit><latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit>

,
<latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit>

8 f 2 C(X ),
<latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit>

R
X fd↵n !

R
X fd�

<latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit>

↵n * �
<latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit>

Convergence in law:
<latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit><latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit><latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit><latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit>

<latexit sha1_base64="JIzkgI4U54cs2QF0j9IoiuCN+jc="></latexit>↵n
<latexit sha1_base64="4yZ+zpv4dMvD7ccpbygY7mM9Krg="></latexit>

�

vs.
<latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit>

. . .�x1
<latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit>

�x2
<latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit>

�x3
<latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit>

�x
<latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit>

Wp(�xn , �x) = d(xn, x)
<latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit>

<latexit sha1_base64="c+j8wlUg6vxZlJfGm4SxrRPXUVk="></latexit>

||�xn � �x||1 = 2
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Context and aims OT cell-cell similarity Wasserstein Singular Vectors Paired multiomics integration Thesis overview

Single-cell profiling uncovers cellular heterogeneity

• Until recently, samples contained many cells (bulk omics)
• Today, we can measure omics at the single cell level1.

21Mincarelli et al. 2018 2Lähnemann et al. 2020
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Context and aims OT cell-cell similarity Wasserstein Singular Vectors Paired multiomics integration Thesis overview

Single-cell profiling uncovers cellular heterogeneity

• Until recently, samples contained many cells (bulk omics)
• Today, we can measure omics at the single cell level1.

21Mincarelli et al. 2018 2Lähnemann et al. 2020

OT for Cell to Cell Dissimilarity

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

Context and aims OT cell-cell similarity Wasserstein Singular Vectors Paired multiomics integration Thesis overview

Single-cell profiling uncovers cellular heterogeneity

• Until recently, samples contained many cells (bulk omics)
• Today, we can measure omics at the single cell level1.

21Mincarelli et al. 2018 2Lähnemann et al. 2020

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit> b

<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

<latexit sha1_base64="CEbcaML8xC6QMPK8sFu73Y4Daug="></latexit>

||a� b||1

<latexit sha1_base64="TEoaH1ZLGYM2D1MIJ1swGNjy450="></latexit>sparse
<latexit sha1_base64="hTb29Gui6+TqErQwUSkV1IIo0O4="></latexit>

noisy
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Single-cell profiling uncovers cellular heterogeneity

• Until recently, samples contained many cells (bulk omics)
• Today, we can measure omics at the single cell level1.

21Mincarelli et al. 2018 2Lähnemann et al. 2020

OT for Cell to Cell Dissimilarity

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

Context and aims OT cell-cell similarity Wasserstein Singular Vectors Paired multiomics integration Thesis overview

Single-cell profiling uncovers cellular heterogeneity

• Until recently, samples contained many cells (bulk omics)
• Today, we can measure omics at the single cell level1.

21Mincarelli et al. 2018 2Lähnemann et al. 2020

a
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<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

<latexit sha1_base64="CEbcaML8xC6QMPK8sFu73Y4Daug="></latexit>

||a� b||1

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

<latexit sha1_base64="0Mkq/v80rrlhYUTM0SY4dgfG9RQ="></latexit>

OT

<latexit sha1_base64="rckUlp4AuIWgbmmyBNBnPVGh++g="></latexit>

min
P1=a,P>1=b

P
i,j d(xi, xj) Pi,j
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noisy
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P
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OT

<latexit sha1_base64="rckUlp4AuIWgbmmyBNBnPVGh++g="></latexit>

min
P1=a,P>1=b

P
i,j d(xi, xj) Pi,j

<latexit sha1_base64="i7/quCY4fyUmnPWfUroseKDhnuU="></latexit>

Bio-inspired

<latexit sha1_base64="hPtC3MVgY6+R6Tu/wDKXRGuu+n0="></latexit>

Data-driven

<latexit sha1_base64="CntraNBg9mYuBJLKHR51k3rL0i0="></latexit>

(e.g. via regulation networks)
<latexit sha1_base64="HkSeENueEhaqEXwG12Vc/2aoSZM="></latexit>

Choice of
<latexit sha1_base64="5KehH7u5mRjTvh4RNybA2k4jlhs="> </latexit>

gene’s distance
<latexit sha1_base64="vAGahs8HhgkK7afYI/mBTK4JZkY="></latexit>

d(xi, xj)
<latexit sha1_base64="vAGahs8HhgkK7afYI/mBTK4JZkY="></latexit>

d(xi, xj)

<latexit sha1_base64="TEoaH1ZLGYM2D1MIJ1swGNjy450="></latexit>sparse
<latexit sha1_base64="hTb29Gui6+TqErQwUSkV1IIo0O4="></latexit>

noisy



Clustering Results
Context and aims OT cell-cell similarity Wasserstein Singular Vectors Paired multiomics integration Thesis overview

On real data, embedding and clustering are competitive

36

<latexit sha1_base64="CVnVKpoFTDB+LMzKgpfzhqWCPek="></latexit>

OT brings:

<latexit sha1_base64="OeUWVHkRg3/K0iY2INwIAR6tCJU="></latexit>

Clustering quality improvement on ground trust.
<latexit sha1_base64="fnHuKfpCYAW9yP6zMEVUpRvgeR4="></latexit>

Better interpretability (pathway enrichment analysis)

<latexit sha1_base64="AXb0pmeR1uL3JzXrj6/XZve93dg="></latexit>

Mowgli: couple OT with non-negative matrix factorization.
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Comparing Different Cells’ Distributions

<latexit sha1_base64="XBexYud+8oLjSecqlABQ1s5vdpQ=">AAAC5nicjVHLSsNAFD3GV31HXbqJFsFVSYqouCp247KCtQVbSpJOdWheTCZiKV27cydu/QG3+iniH+hfeGeM4APRCUnOnHvOmbkzXhLwVNr285gxPjE5NV2YmZ2bX1hcMpdXTtI4Ez6r+3EQi6bnpizgEatLLgPWTARzQy9gDa9fVfXGBRMpj6NjOUhYO3TPIt7jviuJ6pjrLckuyTesZiJlVtyzujxkkdK7AZeD/VHHLNolWw /rJ3ByUEQ+arH5hBa6iOEjQwiGCJJwABcpPadwYCMhro0hcYIQ13WGEWbJm5GKkcIltk/fM5qd5mxEc5WZardPqwT0CnJa2CRPTDpBWK1m6XqmkxX7W/ZQZ6q9Dejv5VkhsRLnxP7l+1D+16d6kehhT/fAqadEM6o7P0/J9KmonVufupKUkBCncJfqgrCvnR/nbGlPqntXZ+vq+otWKlbN/Vyb4VXtki7Y+X6dP8FJueTslLaPysXKQX7VBaxhA1t0n7uo4BA11Cn7Cvd4wKNxblwbN8btu9QYyz2r+DKMuzfII52t</latexit>

Curse of dimensionality:

<latexit sha1_base64="hdIIwFbOeK4PwlwQnFOTa3sU+CQ="></latexit>

n scales like O(1/precisiond)
<latexit sha1_base64="H3mOTgsaL9HmzSNYU49BvmLw4p4="></latexit>n

<latexit sha1_base64="l776QCPF7PuoZ8PQC+Wq/1Nkc0I=">AAAC8HicjVHLSsQwFD1T3+Nr1KWb4igIwtARUZeiCC4VnHFARdIYa7DT1DRVVPwId+7ErT/gVr9C/AP9C29iBR+IprQ9Ofeck9wkTGOZmSB4LnkdnV3dPb195f6BwaHhyshoM1O55qLBVax0K2SZiGUiGkaaWLRSLVg7jMVWeLRi61snQmdSJZvmLBW7bRYl8kByZojaq8xM7mgZHZrsOJcR01qdTvqridEqldzXIspjpuW5E9 f2KtWgFrjh/wT1AlRRjHVVecIO9qHAkaMNgQSGcAyGjJ5t1BEgJW4XF8RpQtLVBS5RJm9OKkEKRuwRfSOabRdsQnObmTk3p1ViejU5fUyRR5FOE7ar+a6eu2TL/pZ94TLt3s7oHxZZbWINDon9y/eh/K/P9mJwgEXXg6SeUsfY7niRkrtTsTv3P3VlKCElzuJ9qmvC3Dk/ztl3nsz1bs+WufqLU1rWznmhzfFqd0kXXP9+nT9Bc7ZWn6/NbcxWl5aLq+7FOCYwTfe5gCWsYR0Nyr7CPR7w6Gnv2rvxbt+lXqnwjOHL8O7eADNIoZk=</latexit> Entropic regularization.

<latexit sha1_base64="+0I5fHHSkEqsLyyCa1IqpA5OZ74="></latexit>

Algorithms scale like O(n3)



Comparing Different Cells’ Distributions
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<latexit sha1_base64="hdIIwFbOeK4PwlwQnFOTa3sU+CQ="></latexit>

n scales like O(1/precisiond)
<latexit sha1_base64="H3mOTgsaL9HmzSNYU49BvmLw4p4="></latexit>n

<latexit sha1_base64="l776QCPF7PuoZ8PQC+Wq/1Nkc0I=">AAAC8HicjVHLSsQwFD1T3+Nr1KWb4igIwtARUZeiCC4VnHFARdIYa7DT1DRVVPwId+7ErT/gVr9C/AP9C29iBR+IprQ9Ofeck9wkTGOZmSB4LnkdnV3dPb195f6BwaHhyshoM1O55qLBVax0K2SZiGUiGkaaWLRSLVg7jMVWeLRi61snQmdSJZvmLBW7bRYl8kByZojaq8xM7mgZHZrsOJcR01qdTvqridEqldzXIspjpuW5E9 f2KtWgFrjh/wT1AlRRjHVVecIO9qHAkaMNgQSGcAyGjJ5t1BEgJW4XF8RpQtLVBS5RJm9OKkEKRuwRfSOabRdsQnObmTk3p1ViejU5fUyRR5FOE7ar+a6eu2TL/pZ94TLt3s7oHxZZbWINDon9y/eh/K/P9mJwgEXXg6SeUsfY7niRkrtTsTv3P3VlKCElzuJ9qmvC3Dk/ztl3nsz1bs+WufqLU1rWznmhzfFqd0kXXP9+nT9Bc7ZWn6/NbcxWl5aLq+7FOCYwTfe5gCWsYR0Nyr7CPR7w6Gnv2rvxbt+lXqnwjOHL8O7eADNIoZk=</latexit> Entropic regularization.

<latexit sha1_base64="+0I5fHHSkEqsLyyCa1IqpA5OZ74="></latexit>

Algorithms scale like O(n3)

<latexit sha1_base64="TAyWJ0MkwY/n+VILsv6qJWFSpsE=">AAAC9nicjVFNT9tAEH0Y2qb0gwDHXiyiSj1FNqpa1FMEF45BSiASoGi9maQrHNvaXbdEUX4HN26IK3+AK/wExD+Af9HZrZGgqGrXsv32zby3OzNJkSpjo+h2LphfePHyVe314pu3794v1ZdXdk1eakldmae57iXCUKoy6lplU+oVmsQ4SWkvOdpy8b0fpI3Ks46dFHQ4FqNMDZUUlql+PT6wdMy6aUeLzBS5tj4QJmR/EmXhQA 2HpCmzoSmEJPNt1q83ombkV/gcxBVooFrtvH6DAwyQQ6LEGIQMlnEKAcPPPmJEKJg7xJQ5zUj5OGGGRdaWnEWcIZg94u+Id/sVm/HeeRqvlnxKyq9mZYiPrMk5TzN2p4U+Xnpnx/7Ne+o93d0m/E8qrzGzFt+Z/ZfuIfN/da4WiyE2fA2Kayo846qTlUvpu+JuHj6qyrJDwZzDA45rxtIrH/oceo3xtbveCh+/85mOdXtZ5Za4d7fkAcd/jvM52F1vxl+an3fWG63NatQ1fMAaPvE8v6KFbbTRZe8TXOIK18FxcBqcBee/U4O5SrOKJyu4+AVxMKS1</latexit>

Transportation between di↵erent spaces:

<latexit sha1_base64="K0LqDiEfW9vb8//D7ijZjg/JTyw="></latexit>

?

<latexit sha1_base64="vT0xGll5ZYO8gmdwavYy0Ckm65g="></latexit>

A
T
A
C
-seq

<latexit sha1_base64="Wj0OMwR3nfFhlvYpHXA5RaQnHKk="></latexit> R
N
A
-s
eq

<latexit sha1_base64="W74EXqFW3XURCc80loqvrEriNGE="></latexit>↵
<latexit sha1_base64="ao+90+/803QfjeCPU72oPx91kcA="></latexit>

�
<latexit sha1_base64="y1R4TxrSdL7zJMNhDYp0dYJQe84="></latexit>

D(↵,�)

<latexit sha1_base64="0t+RzCta+xeHIco2wDCbCzWYsuA="></latexit>

dim ⇠ 103
<latexit sha1_base64="1LgWOXQAWUBvod7ZB9hfvJwaev0="></latexit>

dim ⇠ 102

<latexit sha1_base64="g0j5Iv/6PzcBNd0MOZsOgWYL9xc=">AAAC63icjVHLLgRBFD3a+z1Y2nQMYmPSMxEsJyxYkhgjQaS6lVHR3dWqqolM/IGdndj6AVv+Q/wBf+FWaYlHhOp096lz7zlV994wi4U2QfDc4XV2dff09vUPDA4Nj4yWxsa3tcxVxBuRjKXaCZnmsUh5wwgT851McZaEMW+GJ6s23jzjSguZbpmLjO8nrJWKIxExQ9RBaXZ6T4nWsdGnuWgxpeT5tL+mZCLP5ptMa1IaLtLKQa kcVAK3/J+gWoAyirUhS0/YwyEkIuRIwJHCEI7BoOnZRRUBMuL20SZOERIuznGJAdLmlMUpgxF7Qt8W7XYLNqW99dROHdEpMb2KlD5mSCMpTxG2p/kunjtny/7m3Xae9m4X9A8Lr4RYg2Ni/9J9ZP5XZ2sxOMKyq0FQTZljbHVR4ZK7rtib+5+qMuSQEWfxIcUV4cgpP/rsO412tdveMhd/cZmWtfuoyM3xam9JA65+H+dPsF2rVBcrC5u1cn2lGHUfJjGFOZrnEupYxwYa5H2Fezzg0Uu8a+/Gu31P9ToKzQS+LO/uDTOsn1I=</latexit> Gromov-Wasserstein.

<latexit sha1_base64="mF6iSHb+uBrNrYedhrU8J4pPp0o="></latexit>

No joint embedding.
<latexit sha1_base64="mKCDtUqkXuubw2aRz9vdICEeMpc="></latexit>

Di↵erent dimensions.
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Entropic Regularization

Schrödinger’s problem: [1931]

Erwin 
Schrödinger

↵

�

<latexit sha1_base64="UMdzEzIP/rSMMKlIrQroFPs5ZKw="></latexit>xi
<latexit sha1_base64="85425Mtdp1N95FYJosqiPm2k8Fg="></latexit>yj

<latexit sha1_base64="AjvyP616PW7X5tv4qCOtAQ6pKZE="></latexit>

Pi,j > 10�3

"<latexit sha1_base64="wZX1IFUAaUK1mlhBZW6+5P+28Fg="></latexit>

" = 0

min
P1=a,P>1=b

P
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j)

<latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit>

<latexit sha1_base64="Sq6CEtaetRw1pwC+y2D+nKwLZdI="></latexit>

W"
p(↵,�)

p def.
=



Entropic Regularization

Schrödinger’s problem: [1931]

Erwin 
Schrödinger

↵

�
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<latexit sha1_base64="85425Mtdp1N95FYJosqiPm2k8Fg="></latexit>yj

<latexit sha1_base64="AjvyP616PW7X5tv4qCOtAQ6pKZE="></latexit>

Pi,j > 10�3

"<latexit sha1_base64="wZX1IFUAaUK1mlhBZW6+5P+28Fg="></latexit>

" = 0

min
P1=a,P>1=b

P
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j)

<latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit>

<latexit sha1_base64="Sq6CEtaetRw1pwC+y2D+nKwLZdI="></latexit>

W"
p(↵,�)

p def.
=

Richard 
Sinkhorn

<latexit sha1_base64="yJ4z+Z9NyrXtfkqqCrm8vnyhX70="></latexit>

Sinkhorn’s algorithm: O(n2
/"

2)
<latexit sha1_base64="lsl1/c52jwyIA4VLs3RF1pPH6lg="></latexit>

! parallelizable, GPU-friendly [Cuturi 2013]



The Curse of Dimensionality 

<latexit sha1_base64="AAQHEaTZCo4XtKgRATbvN+r5c2g="></latexit>

Theorem:
<latexit sha1_base64="bQXa5RnTf3JiNE3Mcsaob7eZqxY="></latexit>

requires n ⇠ (1/�)dimension<latexit sha1_base64="usmTbbqe/IeqTnEhwJBy4zEOnMU="></latexit>

[Dudley 1968]

<latexit sha1_base64="vTWjvPBuVpUk9Xxz732SDCXW3lw="></latexit>↵
<latexit sha1_base64="vTWjvPBuVpUk9Xxz732SDCXW3lw="></latexit>↵ <latexit sha1_base64="kAppDnYCtZIqp/kHZtYnyPO+LpM="></latexit>

�n = 1
n

P
i �xi

<latexit sha1_base64="8rJS+aIgevIFAyo1RoikENYqprs="></latexit>

�8

<latexit sha1_base64="qIMVGIw1nrs/iQEzu5dZKAhRR4M="></latexit>

�23

<latexit sha1_base64="PHdHdo8XGeIr6zZ1ehfD3lTUFPQ="></latexit>

E|Wp(↵,�n)�Wp(↵,�1)| 6 �

Richard 
Dudley



The Curse of Dimensionality 

<latexit sha1_base64="AAQHEaTZCo4XtKgRATbvN+r5c2g="></latexit>

Theorem:
<latexit sha1_base64="bQXa5RnTf3JiNE3Mcsaob7eZqxY="></latexit>

requires n ⇠ (1/�)dimension<latexit sha1_base64="usmTbbqe/IeqTnEhwJBy4zEOnMU="></latexit>

[Dudley 1968]

<latexit sha1_base64="vTWjvPBuVpUk9Xxz732SDCXW3lw="></latexit>↵
<latexit sha1_base64="vTWjvPBuVpUk9Xxz732SDCXW3lw="></latexit>↵ <latexit sha1_base64="kAppDnYCtZIqp/kHZtYnyPO+LpM="></latexit>

�n = 1
n

P
i �xi

<latexit sha1_base64="8rJS+aIgevIFAyo1RoikENYqprs="></latexit>

�8

<latexit sha1_base64="qIMVGIw1nrs/iQEzu5dZKAhRR4M="></latexit>

�23

<latexit sha1_base64="PHdHdo8XGeIr6zZ1ehfD3lTUFPQ="></latexit>

E|Wp(↵,�n)�Wp(↵,�1)| 6 �

Aude 
Genevay

<latexit sha1_base64="AAQHEaTZCo4XtKgRATbvN+r5c2g="></latexit>

Theorem:
<latexit sha1_base64="bqML1+xf+kMBSZuJMdXq4/xbgEk="></latexit>

[Genevay 2019]

<latexit sha1_base64="55EpdpZSl2Iinvopx/RYdSz4qro="></latexit>

E|W"
p(↵,�n)�W"

p(↵,�1)| 6 �
<latexit sha1_base64="bK09BEGbce3aga+hK85roGLmMAY="></latexit>

requires n ⇠ (1/")dimension ⇥ (1/�)2

Richard 
Dudley



Trajectory Inference with OT

<latexit sha1_base64="dr9fl5ndkD+EfhnptSEBNz9eg14="></latexit>

day 1

<latexit sha1_base64="MTxCuQn84HaqJmL3FztUTylLjR8="></latexit>

day 18

<latexit sha1_base64="vh31vAG5AzHYBeJ+kRgiWs/Cvbc="></latexit>

[Schiebinger et al 2019]

<latexit sha1_base64="E7xwgtYw1POYNmjFBGWIgnslFAY="></latexit> [W
ad

d
in
gt
on

,
19
36
]

Conrad  
Waddington
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Gromov-Wasserstein

↵ 2 M1
+(X ) and dX distance on X .

<latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="></latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="></latexit>

<latexit sha1_base64="/09Fxh2iHCiO5W2dT6pd82MVNIo="></latexit>

Metric measure space X , (X ,↵, dX ):
X

<latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit>

<latexit sha1_base64="O+fT+UDZYhoqifeIw6Ke6DTBAFc="></latexit>

dX<latexit sha1_base64="P6ma5GbrGzlp3Azs8/N4GutUeUg="></latexit>x

<latexit sha1_base64="lu4TI7OEyJXvtBBsg9Av3iRYKnI="></latexit>

x0



Gromov-Wasserstein

↵ 2 M1
+(X ) and dX distance on X .

<latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="></latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="></latexit>

<latexit sha1_base64="/09Fxh2iHCiO5W2dT6pd82MVNIo="></latexit>

Metric measure space X , (X ,↵, dX ):
X

<latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit>

<latexit sha1_base64="O+fT+UDZYhoqifeIw6Ke6DTBAFc="></latexit>

dX

Y
<latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit>

<latexit sha1_base64="kVF27gTIsbauBCqg40Iqh1v4D6s="></latexit>

dY

<latexit sha1_base64="Uu/jGzHimifAQUBslloJGY6wA84="></latexit>⇡

<latexit sha1_base64="Ov2LTKTmb98Skpojd3G2ltsOy/U="></latexit>y
<latexit sha1_base64="LvFcuviAqZAdjSTE/PqtKDzG1pU="></latexit>

y0

<latexit sha1_base64="P6ma5GbrGzlp3Azs8/N4GutUeUg="></latexit>x

<latexit sha1_base64="lu4TI7OEyJXvtBBsg9Av3iRYKnI="></latexit>

x0

[Memoli 2011]
<latexit sha1_base64="AkiNCXlhCi3VPvfsu2RRzG0SIYE="></latexit>

[Sturm 2011]

<latexit sha1_base64="oDSbclDecgWv8h9r/GWp6jqC/ec="></latexit>

GW2
2(X,Y)

def.
=

<latexit sha1_base64="TsngS446EAlSJmDVyPstZmHXnPI="></latexit>

min
P1=a,P>1=b

hQP, Pi
<latexit sha1_base64="hPciGpqVMnvJnUj42WG5Sjabfec="></latexit>

def.
=

X

i,i0,j,j0

|dX (xi, xi0)� dY(yj , yj0)|2Pi,jPi0,j0



Gromov-Wasserstein

�! non-convex, NP-hard . . .
<latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="> </latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="> </latexit>

<latexit sha1_base64="3orCZ9wD/UXO9gH8EOr4FXQFPnc="></latexit>

if dX = || · ||, dY = || · ||: concave!

↵ 2 M1
+(X ) and dX distance on X .

<latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="></latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="></latexit>

<latexit sha1_base64="/09Fxh2iHCiO5W2dT6pd82MVNIo="></latexit>

Metric measure space X , (X ,↵, dX ):
X

<latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit>

<latexit sha1_base64="O+fT+UDZYhoqifeIw6Ke6DTBAFc="></latexit>

dX

Y
<latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit>

<latexit sha1_base64="kVF27gTIsbauBCqg40Iqh1v4D6s="></latexit>

dY

<latexit sha1_base64="Uu/jGzHimifAQUBslloJGY6wA84="></latexit>⇡

<latexit sha1_base64="Ov2LTKTmb98Skpojd3G2ltsOy/U="></latexit>y
<latexit sha1_base64="LvFcuviAqZAdjSTE/PqtKDzG1pU="></latexit>

y0

<latexit sha1_base64="P6ma5GbrGzlp3Azs8/N4GutUeUg="></latexit>x

<latexit sha1_base64="lu4TI7OEyJXvtBBsg9Av3iRYKnI="></latexit>

x0

[Memoli 2011]
<latexit sha1_base64="AkiNCXlhCi3VPvfsu2RRzG0SIYE="></latexit>

[Sturm 2011]

<latexit sha1_base64="oDSbclDecgWv8h9r/GWp6jqC/ec="></latexit>

GW2
2(X,Y)

def.
=

<latexit sha1_base64="TsngS446EAlSJmDVyPstZmHXnPI="></latexit>

min
P1=a,P>1=b

hQP, Pi
<latexit sha1_base64="hPciGpqVMnvJnUj42WG5Sjabfec="></latexit>

def.
=

X

i,i0,j,j0

|dX (xi, xi0)� dY(yj , yj0)|2Pi,jPi0,j0



Gromov-Wasserstein

�! non-convex, NP-hard . . .
<latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="> </latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="> </latexit>

<latexit sha1_base64="3orCZ9wD/UXO9gH8EOr4FXQFPnc="></latexit>

if dX = || · ||, dY = || · ||: concave!

↵ 2 M1
+(X ) and dX distance on X .

<latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="> </latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="></latexit><latexit sha1_base64="1+NKKLxN5DihfabBzQ+RV5f3JvI="></latexit>

<latexit sha1_base64="/09Fxh2iHCiO5W2dT6pd82MVNIo="></latexit>

Metric measure space X , (X ,↵, dX ):

<latexit sha1_base64="6XcTMNLhOkSkELp7a9v5fVQsQH4="></latexit>

up to isometries.

<latexit sha1_base64="fcW1dR7VxF9OmMhK+EQAhlodyGE="></latexit>

Theorem: GW is a distance

X
<latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit>

<latexit sha1_base64="O+fT+UDZYhoqifeIw6Ke6DTBAFc="></latexit>

dX

Y
<latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit>

<latexit sha1_base64="kVF27gTIsbauBCqg40Iqh1v4D6s="></latexit>

dY

<latexit sha1_base64="Uu/jGzHimifAQUBslloJGY6wA84="></latexit>⇡

<latexit sha1_base64="Ov2LTKTmb98Skpojd3G2ltsOy/U="></latexit>y
<latexit sha1_base64="LvFcuviAqZAdjSTE/PqtKDzG1pU="></latexit>

y0

<latexit sha1_base64="P6ma5GbrGzlp3Azs8/N4GutUeUg="></latexit>x

<latexit sha1_base64="lu4TI7OEyJXvtBBsg9Av3iRYKnI="></latexit>

x0

[Memoli 2011]
<latexit sha1_base64="AkiNCXlhCi3VPvfsu2RRzG0SIYE="></latexit>

[Sturm 2011]

<latexit sha1_base64="oDSbclDecgWv8h9r/GWp6jqC/ec="></latexit>

GW2
2(X,Y)

def.
=

<latexit sha1_base64="TsngS446EAlSJmDVyPstZmHXnPI="></latexit>

min
P1=a,P>1=b

hQP, Pi
<latexit sha1_base64="hPciGpqVMnvJnUj42WG5Sjabfec="></latexit>

def.
=

X

i,i0,j,j0

|dX (xi, xi0)� dY(yj , yj0)|2Pi,jPi0,j0

X
<latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit>

Y
<latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit>



Schrodinger GW

566 Extensions of Optimal Transport

¸ = 1 ¸ = 2 ¸ = 3 ¸ = 4

Figure 10.9: Iterations of the entropic GW algorithm (10.28) between two shapes
(xi)i and (yj)j in R2, initialized with P

(0) = a ¢ b. The distance matrices are
Di,iÕ = Îxi ≠ xiÕ Î and D

Õ

j,jÕ = Îyj ≠ yjÕ Î. Top row: coupling P
(¸) displayed as a 2-D

image. Bottom row: matching induced by P
(¸) (each point xi is connected to the

three yj with the three largest values among {P
(¸)
i,j

}j). The shapes have the same
size, but for display purposes, the inner shape (xi)i has been reduced.

regularized variant

min
PœU(a,b)

ED,D
Õ(P) ≠ ÁH(P). (10.27)

As proposed initially in (gold-1996; rangarajan-1999), and later re-
visited in (2016-solomon-gw) for applications in graphics, one can
use iteratively Sinkhorn’s algorithm to progressively compute a station-
ary point of (10.27). Indeed, successive linearizations of the objective
function lead to consider the succession of updates

P(¸+1) def.= min
PœU(a,b)

ÈP, C(¸)
Í ≠ ÁH(P) where (10.28)

C(¸) def.= ÒED,D
Õ(P(¸)) = ≠DP(¸)DÕ,

which can be interpreted as a mirror-descent scheme (2016-solomon-gw).
Each update can thus be solved using Sinkhorn iterations (4.15) with
cost C(¸). Figure 10.9 displays the evolution of the algorithm. Fig-
ure 10.10 illustrates the use of this entropic GW to compute soft maps
between domains.
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Iterations
<latexit sha1_base64="JUL6zTZustzYoceDbYAWSOZZ7JY="></latexit><latexit sha1_base64="JUL6zTZustzYoceDbYAWSOZZ7JY="></latexit><latexit sha1_base64="JUL6zTZustzYoceDbYAWSOZZ7JY="></latexit><latexit sha1_base64="JUL6zTZustzYoceDbYAWSOZZ7JY="></latexit><latexit sha1_base64="JUL6zTZustzYoceDbYAWSOZZ7JY="></latexit>

<latexit sha1_base64="OzcCYKfwrcmdRY0sY3Ow3CUPrPw="></latexit>

DC-programming / Konno’s relaxation / Frank-Wolfe / . . .

<latexit sha1_base64="TyRO80/PYmdtXSt9ogfT6pqOGKU="></latexit>

min
P1=a,P>1=b

hQP, Pi+ "H(P)

<latexit sha1_base64="AusH0c1u1buhtHsYytSDR72YR88="></latexit>

C
def.
= QP

<latexit sha1_base64="tp4fr49yTu0x9lLLEYLPl2h0sHI="></latexit>

min
P1=a,P>1=b

hC, Pi+ "H(P)

<latexit sha1_base64="tKIX0fFUtBaFATjfiRMweHzk1jE="></latexit>

P

<latexit sha1_base64="183Eznx/gimkeIRF/gDBI89t6H4="></latexit>

(Sinkhorn)



Examples of Applications
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Abstract

Many shape and image processing tools rely on computation of cor-
respondences between geometric domains. Efficient methods that
stably extract “soft” matches in the presence of diverse geometric
structures have proven to be valuable for shape retrieval and transfer
of labels or semantic information. With these applications in mind,
we present an algorithm for probabilistic correspondence that opti-
mizes an entropy-regularized Gromov-Wasserstein (GW) objective.
Built upon recent developments in numerical optimal transportation,
our algorithm is compact, provably convergent, and applicable to
any geometric domain expressible as a metric measure matrix. We
provide comprehensive experiments illustrating the convergence
and applicability of our algorithm to a variety of graphics tasks.
Furthermore, we expand entropic GW correspondence to a frame-
work for other matching problems, incorporating partial distance
matrices, user guidance, shape exploration, symmetry detection, and
joint analysis of more than two domains. These applications expand
the scope of entropic GW correspondence to major shape analysis
problems and are stable to distortion and noise.

Keywords: Gromov-Wasserstein, matching, entropy
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1 Introduction

A basic component of the geometry processing toolbox is a tool for
mapping or correspondence, the problem of finding which points on
a target domain correspond to points on a source. Many variations
of this problem have been considered in the graphics literature, e.g.
with some sparse correspondences provided by the user. Regardless,
the basic task of geometric correspondence facilitates the transfer of
properties and edits from one shape to another.

The primary factor that distinguishes correspondences algorithms
is the choice of objective functions. Different choices of objective
functions express contrasting notions of what correspondences are
“desirable.” Classical theorems from differential geometry and most
modern algorithms consider local distortion and produce maps that
take tangent planes to tangent planes with as little stretch as possible;
slightly larger neighborhoods might be taken into account by e.g.
aligning heat kernels. These approaches are justified by classical
differential geometry when the matched domains satisfy conditions
like near-isometry or near-conformality, but when these conditions
are violated these algorithms suffer from having to patch together
local elastic terms into a single global map.
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Figure 1: Entropic GW can find correspondences between a source
surface (left) and a surface with similar structure, a surface with
shared semantic structure, a noisy 3D point cloud, an icon, and a
hand drawing. Each fuzzy map was computed using the same code.

In this paper, we propose a new correspondence algorithm that
minimizes distortion of long- and short-range distances alike. We
study an entropically-regularized version of the Gromov-Wasserstein
(GW) mapping objective function from [Mémoli 2011] measuring
the distortion of geodesic distances. The optimizer is a probabilistic
matching expressed as a “fuzzy” correspondence matrix in the style
of [Kim et al. 2012; Solomon et al. 2012]; we control sharpness of
the correspondence via the weight of the entropic regularizer.

Although [Mémoli 2011] and subsequent work identified the possi-
bility of using GW distances for geometric correspondence, computa-
tional challenges hampered their practical application. To overcome
these challenges, we build upon recent methods for regularized op-
timal transportation introduced in [Benamou et al. 2015; Solomon
et al. 2015]. While optimal transportation is a fundamentally differ-
ent optimization problem from regularized GW computation (linear
versus quadratic matching), the core of our method relies upon
solving a sequence of regularized optimal transport problems.

Our remarkably compact algorithm (see Algorithm 1) exhibits global
convergence, i.e., it provably reaches a local minimum of the regu-
larized GW objective function regardless of the initial guess. Our
algorithm can be applied to any domain expressible as a metric mea-
sure space (see §2). Concretely, only distance matrices are required
as input, and hence the method can be applied to many classes of
domains including meshes, point clouds, graphs, and even more
abstract structures.

A major advantage of our framework is its extensibility. In addition
to the conventional correspondence problem, we apply our method
to organizing shape collections and show how to find correspon-
dences given user guidance or incomplete pairwise distances. We
also provide algorithms to extract multiple maps in the presence of
symmetry and to compute consistent maps within a collection.

Contributions. We present a fuzzy mapping algorithm minimiz-
ing the Gromov-Wasserstein (GW) objective with entropic regular-
ization. In summary, we make the following contributions:

• discretization of the entropically-regularized GW objective
suitable for domains in graphics and geometry processing;

• a simple-to-implement algorithm for minimizing this objective
that relies only upon scalable low-level linear algebra;

• a convergence proof for the iterative optimization algorithm;
• comprehensive experiments establishing reliability, efficiency,
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Figure 1: Entropic GW can find correspondences between a source
surface (left) and a surface with similar structure, a surface with
shared semantic structure, a noisy 3D point cloud, an icon, and a
hand drawing. Each fuzzy map was computed using the same code.

In this paper, we propose a new correspondence algorithm that
minimizes distortion of long- and short-range distances alike. We
study an entropically-regularized version of the Gromov-Wasserstein
(GW) mapping objective function from [Mémoli 2011] measuring
the distortion of geodesic distances. The optimizer is a probabilistic
matching expressed as a “fuzzy” correspondence matrix in the style
of [Kim et al. 2012; Solomon et al. 2012]; we control sharpness of
the correspondence via the weight of the entropic regularizer.

Although [Mémoli 2011] and subsequent work identified the possi-
bility of using GW distances for geometric correspondence, computa-
tional challenges hampered their practical application. To overcome
these challenges, we build upon recent methods for regularized op-
timal transportation introduced in [Benamou et al. 2015; Solomon
et al. 2015]. While optimal transportation is a fundamentally differ-
ent optimization problem from regularized GW computation (linear
versus quadratic matching), the core of our method relies upon
solving a sequence of regularized optimal transport problems.

Our remarkably compact algorithm (see Algorithm 1) exhibits global
convergence, i.e., it provably reaches a local minimum of the regu-
larized GW objective function regardless of the initial guess. Our
algorithm can be applied to any domain expressible as a metric mea-
sure space (see §2). Concretely, only distance matrices are required
as input, and hence the method can be applied to many classes of
domains including meshes, point clouds, graphs, and even more
abstract structures.

A major advantage of our framework is its extensibility. In addition
to the conventional correspondence problem, we apply our method
to organizing shape collections and show how to find correspon-
dences given user guidance or incomplete pairwise distances. We
also provide algorithms to extract multiple maps in the presence of
symmetry and to compute consistent maps within a collection.

Contributions. We present a fuzzy mapping algorithm minimiz-
ing the Gromov-Wasserstein (GW) objective with entropic regular-
ization. In summary, we make the following contributions:

• discretization of the entropically-regularized GW objective
suitable for domains in graphics and geometry processing;

• a simple-to-implement algorithm for minimizing this objective
that relies only upon scalable low-level linear algebra;

• a convergence proof for the iterative optimization algorithm;
• comprehensive experiments establishing reliability, efficiency,
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Many shape and image processing tools rely on computation of cor-
respondences between geometric domains. Efficient methods that
stably extract “soft” matches in the presence of diverse geometric
structures have proven to be valuable for shape retrieval and transfer
of labels or semantic information. With these applications in mind,
we present an algorithm for probabilistic correspondence that opti-
mizes an entropy-regularized Gromov-Wasserstein (GW) objective.
Built upon recent developments in numerical optimal transportation,
our algorithm is compact, provably convergent, and applicable to
any geometric domain expressible as a metric measure matrix. We
provide comprehensive experiments illustrating the convergence
and applicability of our algorithm to a variety of graphics tasks.
Furthermore, we expand entropic GW correspondence to a frame-
work for other matching problems, incorporating partial distance
matrices, user guidance, shape exploration, symmetry detection, and
joint analysis of more than two domains. These applications expand
the scope of entropic GW correspondence to major shape analysis
problems and are stable to distortion and noise.
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1 Introduction

A basic component of the geometry processing toolbox is a tool for
mapping or correspondence, the problem of finding which points on
a target domain correspond to points on a source. Many variations
of this problem have been considered in the graphics literature, e.g.
with some sparse correspondences provided by the user. Regardless,
the basic task of geometric correspondence facilitates the transfer of
properties and edits from one shape to another.

The primary factor that distinguishes correspondences algorithms
is the choice of objective functions. Different choices of objective
functions express contrasting notions of what correspondences are
“desirable.” Classical theorems from differential geometry and most
modern algorithms consider local distortion and produce maps that
take tangent planes to tangent planes with as little stretch as possible;
slightly larger neighborhoods might be taken into account by e.g.
aligning heat kernels. These approaches are justified by classical
differential geometry when the matched domains satisfy conditions
like near-isometry or near-conformality, but when these conditions
are violated these algorithms suffer from having to patch together
local elastic terms into a single global map.
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Figure 1: Entropic GW can find correspondences between a source
surface (left) and a surface with similar structure, a surface with
shared semantic structure, a noisy 3D point cloud, an icon, and a
hand drawing. Each fuzzy map was computed using the same code.

In this paper, we propose a new correspondence algorithm that
minimizes distortion of long- and short-range distances alike. We
study an entropically-regularized version of the Gromov-Wasserstein
(GW) mapping objective function from [Mémoli 2011] measuring
the distortion of geodesic distances. The optimizer is a probabilistic
matching expressed as a “fuzzy” correspondence matrix in the style
of [Kim et al. 2012; Solomon et al. 2012]; we control sharpness of
the correspondence via the weight of the entropic regularizer.

Although [Mémoli 2011] and subsequent work identified the possi-
bility of using GW distances for geometric correspondence, computa-
tional challenges hampered their practical application. To overcome
these challenges, we build upon recent methods for regularized op-
timal transportation introduced in [Benamou et al. 2015; Solomon
et al. 2015]. While optimal transportation is a fundamentally differ-
ent optimization problem from regularized GW computation (linear
versus quadratic matching), the core of our method relies upon
solving a sequence of regularized optimal transport problems.

Our remarkably compact algorithm (see Algorithm 1) exhibits global
convergence, i.e., it provably reaches a local minimum of the regu-
larized GW objective function regardless of the initial guess. Our
algorithm can be applied to any domain expressible as a metric mea-
sure space (see §2). Concretely, only distance matrices are required
as input, and hence the method can be applied to many classes of
domains including meshes, point clouds, graphs, and even more
abstract structures.

A major advantage of our framework is its extensibility. In addition
to the conventional correspondence problem, we apply our method
to organizing shape collections and show how to find correspon-
dences given user guidance or incomplete pairwise distances. We
also provide algorithms to extract multiple maps in the presence of
symmetry and to compute consistent maps within a collection.

Contributions. We present a fuzzy mapping algorithm minimiz-
ing the Gromov-Wasserstein (GW) objective with entropic regular-
ization. In summary, we make the following contributions:

• discretization of the entropically-regularized GW objective
suitable for domains in graphics and geometry processing;

• a simple-to-implement algorithm for minimizing this objective
that relies only upon scalable low-level linear algebra;

• a convergence proof for the iterative optimization algorithm;
• comprehensive experiments establishing reliability, efficiency,
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of this problem have been considered in the graphics literature, e.g.
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the basic task of geometric correspondence facilitates the transfer of
properties and edits from one shape to another.

The primary factor that distinguishes correspondences algorithms
is the choice of objective functions. Different choices of objective
functions express contrasting notions of what correspondences are
“desirable.” Classical theorems from differential geometry and most
modern algorithms consider local distortion and produce maps that
take tangent planes to tangent planes with as little stretch as possible;
slightly larger neighborhoods might be taken into account by e.g.
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Figure 1: Entropic GW can find correspondences between a source
surface (left) and a surface with similar structure, a surface with
shared semantic structure, a noisy 3D point cloud, an icon, and a
hand drawing. Each fuzzy map was computed using the same code.

In this paper, we propose a new correspondence algorithm that
minimizes distortion of long- and short-range distances alike. We
study an entropically-regularized version of the Gromov-Wasserstein
(GW) mapping objective function from [Mémoli 2011] measuring
the distortion of geodesic distances. The optimizer is a probabilistic
matching expressed as a “fuzzy” correspondence matrix in the style
of [Kim et al. 2012; Solomon et al. 2012]; we control sharpness of
the correspondence via the weight of the entropic regularizer.

Although [Mémoli 2011] and subsequent work identified the possi-
bility of using GW distances for geometric correspondence, computa-
tional challenges hampered their practical application. To overcome
these challenges, we build upon recent methods for regularized op-
timal transportation introduced in [Benamou et al. 2015; Solomon
et al. 2015]. While optimal transportation is a fundamentally differ-
ent optimization problem from regularized GW computation (linear
versus quadratic matching), the core of our method relies upon
solving a sequence of regularized optimal transport problems.

Our remarkably compact algorithm (see Algorithm 1) exhibits global
convergence, i.e., it provably reaches a local minimum of the regu-
larized GW objective function regardless of the initial guess. Our
algorithm can be applied to any domain expressible as a metric mea-
sure space (see §2). Concretely, only distance matrices are required
as input, and hence the method can be applied to many classes of
domains including meshes, point clouds, graphs, and even more
abstract structures.

A major advantage of our framework is its extensibility. In addition
to the conventional correspondence problem, we apply our method
to organizing shape collections and show how to find correspon-
dences given user guidance or incomplete pairwise distances. We
also provide algorithms to extract multiple maps in the presence of
symmetry and to compute consistent maps within a collection.

Contributions. We present a fuzzy mapping algorithm minimiz-
ing the Gromov-Wasserstein (GW) objective with entropic regular-
ization. In summary, we make the following contributions:

• discretization of the entropically-regularized GW objective
suitable for domains in graphics and geometry processing;

• a simple-to-implement algorithm for minimizing this objective
that relies only upon scalable low-level linear algebra;

• a convergence proof for the iterative optimization algorithm;
• comprehensive experiments establishing reliability, efficiency,
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<latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik=">AABB3XictVzNchu5EYY3f2vnz5sc9zKJ1ilvyutIylYlla1UrSzJsta0RZuU7N2lrRqSI2rsIYeeISXbXB1yyC2Vax4h1+QJ8hx5g+SUV0h3AxhgSMw0RnGMkoQB8XU3eoBGdwN0f5rE+Wx9/Z9X3vvWt7/z3e+9f/Xa93/wwx/9+PoHPznK03k2iA4HaZJmT/thHiXxJDqcxbMkejrNonDcT6In/Zfb+PmTsyjL43TSnb2ZRs </latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik=">AABB3XictVzNchu5EYY3f2vnz5sc9zKJ1ilvyutIylYlla1UrSzJsta0RZuU7N2lrRqSI2rsIYeeISXbXB1yyC2Vax4h1+QJ8hx5g+SUV0h3AxhgSMw0RnGMkoQB8XU3eoBGdwN0f5rE+Wx9/Z9X3vvWt7/z3e+9f/Xa93/wwx/9+PoHPznK03k2iA4HaZJmT/thHiXxJDqcxbMkejrNonDcT6In/Zfb+PmTsyjL43TSnb2ZRs </latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik=">AABB3XictVzNchu5EYY3f2vnz5sc9zKJ1ilvyutIylYlla1UrSzJsta0RZuU7N2lrRqSI2rsIYeeISXbXB1yyC2Vax4h1+QJ8hx5g+SUV0h3AxhgSMw0RnGMkoQB8XU3eoBGdwN0f5rE+Wx9/Z9X3vvWt7/z3e+9f/Xa93/wwx/9+PoHPznK03k2iA4HaZJmT/thHiXxJDqcxbMkejrNonDcT6In/Zfb+PmTsyjL43TSnb2ZRs </latexit><latexit sha1_base64="CciDkuIQqAzVCXYjaQNgeFkgUik=">AABB3XictVzNchu5EYY3f2vnz5sc9zKJ1ilvyutIylYlla1UrSzJsta0RZuU7N2lrRqSI2rsIYeeISXbXB1yyC2Vax4h1+QJ8hx5g+SUV0h3AxhgSMw0RnGMkoQB8XU3eoBGdwN0f5rE+Wx9/Z9X3vvWt7/z3e+9f/Xa93/wwx/9+PoHPznK03k2iA4HaZJmT/thHiXxJDqcxbMkejrNonDcT6In/Zfb+PmTsyjL43TSnb2ZRs </latexit>

<latexit sha1_base64="zOeI86cR2MQtHXmtXXJyfI+d1SM=">AABB1XictVxbdxu3EYbTW+zenOaxL9sq7nF6XFVWfJqmOT0nsiTLimWbNinJSWj78LKiaS+5NJeUL4zeevran9DX9lf0d/QftE/9C50LsMCS2B2s6hpHEhbENzOYBQYzA9DdSTLMZhsb/7zw3ne++73v/+D9i5d++KMf/+Snlz/42VGWzqe9+LCXJun0UbeTxclwHB/OhrMkfjSZxp1RN4mPuy+28fPj03iaDdNxa/ZmEj8edQ </latexit>

Gromov Wasserstein:
<latexit sha1_base64="SD2Xq10Mt/qxqqSOhNlxD9qT7zI=">AABEs3ictVzddtu4EUa2f5v0L9te9oZbOz3ZnjR1vNmme/bs6SaW43jjxE4kO9mNkhxRomQllKiQkuxE60fpS/QFetHb9gH6Bu1VX6GDGYAAJZADuql5bIEQvpnBEBjMDECHk3iYTTc2/nnhg+99/wc//NGHFy/9+Cc//dnPL3/0i6MsmaXd6LCbxEn6NOxkUTwcR4fT4TSOnk7SqDMK4+hJ+HpLfv9kHqXZMBm3pm8n0fNRZz </latexit>

! Existence of Monge maps for " = 0?
<latexit sha1_base64="0C/SfsK2UN+57vTCu3DbXeiRgIo=">AABEuXictVzddtu4EUa2f5v0L9te9oZbOz3ZnjR1vGm3e3L2nE0sx/HGmyiR7GQ3SnIoiZaZ0KJCSrITrZ+mb9AX6HVv26u+QXvVV+hgBiBACeSAbmoeWyCEb2YwBAYzA9D9SRLn042Nf1744Hvf/8EPf/ThxUs//slPf/bzyx/94iBPZ9kg2h+kSZo97Yd5lMTjaH8aT5Po6SSLwuN+Ej3pv96S3z+ZR1kep+Pu9O0ken4cjs </latexit>

! Taylor expansions when " ! 0

X
<latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit><latexit sha1_base64="/59ZCDJZPBrZfCS8zgReJB0hTeY="></latexit>

Y
<latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit><latexit sha1_base64="6tOGw6FSQVfHa06oZqSaTlaRZAo="></latexit>

<latexit sha1_base64="G5pGQ2wn1Uog/PDq/zrVOV/JFsw="> </latexit>

! Geometrical properties of the Sinkhorn divergence ?
<latexit sha1_base64="Q1myMPnqQTwIUMl0fxWYBaXhhDM="></latexit>

! Gradient flows (single cell evolution, . . . )


