Optimal Transport
Strikes Twice In
(Genomics

(Gabriel Peyreé
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Comparing Distributions for Learning
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Comparing Distributions for Learning
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Single Cell Multi-omics

Understanding cell diversity: many types, many states for each type.

Applications: cancer mutations, dynamic of adaptation, development, ...
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Single Cell Multi-omics

Understanding cell diversity: many types, many states for each type.

Applications: cancer mutations, dynamic of adaptation, development, ...
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Tissue Dissociation

RNA: expression of the DNA. d ~ 10%
ATAC: chromatine accessibility ¢ ~ 10°
— geometry of DNA

Methylation: presence of methyl groups
—»cause of differential expression d ~ 10°

Proteome: presence of proteins d ~ 102
— result of expression
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Single Cell Multi-omics

Understanding cell diversity: many types, many states for each type.

Applications: cancer mutations, dynamic of adaptation, development, ...
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RNA: expression of the DNA. d ~ 10%
ATAC: chromatine accessibility ¢ ~ 10°
— geometry of DNA

Methylation: presence of methyl groups
—»cause of differential expression d ~ 10°

Proteome: presence of proteins d ~ 102
— result of expression
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Paired multi-omics:

Un-paired multi-omics: next frontier ...

CITE-seq (RNA + proteines)
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Comparing Distributions for Single Cells
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Comparing Distributions for Single Cells

Cluster cells from a single biopsy.

“Distance” between cells? —— OT on genes’ space.



Comparing Distributions for Single Cells

Cluster cells from a single biopsy.

“Distance” between cells? —— OT on genes’ space.

Match cells between two biopsies.
—— OT on cells’ space.
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THEORIE DES DEBLAIS
ET DES REMBLAILS

T ——
Par M. Mo NGE

Lonsqu'ou doit tranfporter des terres d'un liew dans un
autre, on a coutume de donner le nom de Deblai au
volume des terres que F'on doit tranfporter, & le nom de
Remblui i Vefpace quelles doivent occuper aprés le tranfport.

Le prix du tranlport d'une molécule étant, toutes choles
d'ailicurs égales, proportionnel 4 fon poids & 2 l'elpaceu'on
Jui fait parcourir, & par conféquent le prix du tranlport total
devant éwre proportionnel i la fomme des produits des molé-
cules multipliées chacune par Velpace parcouru , il senfuit
que le déblai & le remblai étant donnés de figure & de
pofition, il n'eft pas indifférent que telle molécule du déblai
foit wanfportée dans tel ou tel autre endroit du remblai,
mais qu'il y a une certaine diftribution 4 faire des molécules
dii premier dans fe fecond, d'apres laquelle la fomme de ces
Produils fera la moindre pofﬁblc , & le prix du tranfport total
fera un minimun.
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Monge’s Problem

Points (;);, (1;); .
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Permutation: ./‘

o:{l,....n} —=A1,...,n}

Monge optimal matching:
n

D(X,Y) =min Y d(z:,Yo(i))

‘Monge 1784

— Seems intractable: n! possibilities. -

— Different number of points? ®:
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T ——
Par M. Mo NGE

LORSQU'ON doit tranfporter des terres d'un liew dans un
autre, on a coutume de donner le nom de Deblai au
volume des terres que F'on doit tranfporter, & le nom de
Remblui i Vefpace qu'elles doivent occuper aprés le tranfport.

Le prix du tranlport d'une molécule étant, toutes choles
d'ailfeurs égales, progortionnel 4 fon poids & 2 I'efpace®u'on
Jui fait parcourir, & par conféquent e prix du tranlport total
devant éwre proportionnel i la fomme des produits des molé-
cules muliipliées chacune par {'elpace parcouru , il s'enfuit
que le déblai & le remblai étant donnés de figure & de
pofition, il n'eft pas indifférent que telle molécule du déblai
foit wanfportée dans tel ou tel autre endroit du remblai,
mais qu'il y a une certaine diftribution 4 faire des molécules
du premier dans fe fecond, d'aprés laquelle la fomme de ces
Produils fera la moindre poflible, & le prix du tranfport total
fera un minimun.
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Kantorovitch’s Formulation
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Discrete distributions:



Kantorovitch’s Formulation

Q= Z?zl ai(s%’
B = Z;nzl bjéyj
Points ()i, (y;);

Weights a; > 0, b; > 0.

D e A = Zj:l b; =1

Discrete distributions:

Couplings: 2_; Pij = a 2. Pij=Db;
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Kantorovitch’s Formulation

Q= Z?zl ai(s%’
B = Z;nzl bjéyj
Points ()i, (y;);

Weights a; > 0, b; > 0.

Z?:l A = 2321 b] =1

Discrete distributions:

Couplings: 2_; Pij = a 2. Pij=Db;
Kantorovich 1942] \ /

min {2, ;d(x:,4;)"Ps;; P >0, Pl =a, P 1, =b |



Optimal Transport Distances
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Optimal Transport Distances

Wy (a, B) = 3

1
. p
( P]l:glfl,f;]l:b Zi,j d(z, yj)p P ; ) :

Theorem: W, 1s a distance and

Qp — 6 N4 Wp(anaﬁ) — 0

Convergence in law: — B
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Single Cell
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OT for Cell to Cell Dissimilarity
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OT for Cell to Cell Dissimilarity
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OT for Cell to Cell Dissimilarity
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Clustering Results

Mowgli: couple OT with non-negative matrix factorization.
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, Clustering quality improvement on ground trust.
OT brings: < | N . |
Better interpretability (pathway enrichment analysis)



Comparing Different Cells’ Distributions

Curse of dimensionality:

< Algorithms scale like O(n°)

n scales like O(1/precision?)

~~ Entropic regularization.



Comparing Different Cells’ Distributions

Curse of dimenstonality:

< Algorithms scale like O(n°)

n scales like O(1/precision?)

~» Emtropic regularization.

Transportation between different spaces:

<:No joint embedding.

Different dimensions.

RNA-seq
bas-O VIV

~~ Gromov-Wasserstein.
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Entropic Regularization

Schrodinger’s problem: [1931]




Entropic Regularization

Schrodinger’s problem: [1931]

def. o ~ 72 /'-’-1')
Wyl B)F = min 2 A0, 45)PP i + ePijlog(Pi ;) Y

Sinkhorn’s algorithm: O(n?/e?)
— parallelizable, GPU-friendly [Cuturi 2013]



The Curse of Dimensionality
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Theorem: E|W,(a,B8,) — Wy(a,Bx)| <0
'Dudley 1968] requires n ~ (1/5)dimeﬂ810n




The Curse of Dimensionality

Theorem: E|W,(a,B8,) — Wy(a,Bx)| <0
'Dudley 1968] requires n ~ (1/5)dimeﬂ810n

Theorem: LW (a, Bn) — W (a, Boo)| <0
|Genevay 2019] requires n ~ (1/€)dimension < (1/5)2
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Trajectory Inference with OT

Con'ra&d
Waddington

'Waddington, 1936]

day 1



Gromov.
Wasserstein




Gromov-Wasserstein

Metric measure space X = (X, o, dx):
o € ML (X) and dy distance on X.
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Gromov-Wasserstein

Metric measure space X = (X, o, dx):
o € ML (X) and dy distance on X.

GW3(X,Y) = min (QOP, P)
Pl=a,P'1=Db
= Z |dX (:Eia Zlf@'/) - dy(y]7 yj/)‘2Pi7jPi/7j,
1,2 ,7,3"

‘Memoli 2011][Sturm 2011




Gromov-Wasserstein

Metric measure space X = (X, o, dx):
o € ML (X) and dy distance on X.

CGW3(X,Y)=  min (QP, P)
Pl=a,P"1=b

= Z |d?€' (xia Zlf@'/) - dy(y]7 yj/)‘2Pi7jPi/7j,
1yt 57,7’

‘Memoli 2011][Sturm 2011

— non-convex, NP-hard ...

ifdy =|-|,dy=1]"-|: concave!




Gromov-Wasserstein

o
Metric measure space X = (X, o, dx): N X ‘.../Y
o € ML (X) and dy distance on X. °, * .x’..: ®
at.‘d/?fvz o °
CGW3(X,Y) = min (OP, P) ! !

Pl=a,P"1=b

S )~y PP e Reg s
i1 ,5,4" ° ’

‘Memoli 2011][Sturm 2011

— non-convex, NP-hard ...

ifdy =|-|,dy =|-|: concave!

Theorem: GW is a distance
up to 1sometries.




Schrodinger GW

min

(OP, P) + ¢H(P)

Pl=a,P'1=b

DC-programming / Konno’s relaxation / Frank-Wolfe / ...

—  C=QP

<

min
Pl=a,P"1=b

(C, P) + cH(P)

(Sinkhorn)




Examples of Applications

Shape registration:
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Examples of Applications

Shape registration:
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Gromov-Wasserstein

registration

|Othmane Sebbouh, 2021]




Open Problems!

Toward high-dimensional OT"

— (Geometrical properties of the Sinkhorn divergence 7

— Gradient flows (single cell evolution, ...)

Gromov Wasserstein:

— Existence of Monge maps for ¢ = 07

— Taylor expansions when € — (




